8th lecture

Stationary fields and direct currents 

Direct current 

I. The concept of stationary or steady state 


Static and stationary states are somewhat similar because all parameters of a system are constant either in a static or in a steady state, they do not change in time. An important difference is, however, that while in statics there are no currents the steady state is maintained by constant currents. The difference between the two states can be illustrated with the example of a tub filled half with water. The level is static when both the sink and the faucet of the tub are closed and as a result the level of water is constant in time. Another possibility to maintain a constant level of water in the tub is to open both the faucet and the drain and wait until a steady state is achieved, when the inflow and the outflow are equal thus the water level does not change any more. This is the so called stationary state.
II. Conductors. Current and current density

As it is known the various materials can be classified from the point of the electric conduction as conductors and insulators. While the charged particles in an insulator are localized and cannot move in the conductors there are charged particles so called electric charge carriers (electrons or ions), which can move if an electric field is established in the conductor. For a while let us stay with the simplest case when the conductor is a metal where the charge carriers are those electrons which are in the conduction band. (The meaning of conduction band will be discussed later.) 

The electrical and thermal conductivity of metals originate from the fact that in the metallic bond the outer electrons of the metal atoms form a gas of nearly free electrons, moving as an electron gas in a background of positive charge formed by the ion cores. Good mathematical predictions for electrical conductivity, as well as the electrons' contribution to the heat capacity and heat conductivity of metals can be calculated from the free electron model, which does not take the detailed structure of the ion lattice into account.
A metal – as any other material – is electrically neutral, the negative charge of the mobile electrons is compensated by the positive charge of the fixed ion cores. If an electric field is established in a metal then a force appears acting on the electrons which accelerate until they reach a final velocity v. (The electron gas behaves like a viscous fluid where in a steady state the force of the viscous drag compensates the force due to the electric field. The final velocity v of the electrons is achieved nearly instantaneously.)
Let us regard then a piece of metal where the charge density of the mobile electrons be 

(cond
(In the case of non-metallic conductors (cond  is the charge density due to the conducting particles like ions in an electrolyte for example.) Let the velocity of the electrons (or the conducting particles) be v. We will assume a homogeneous electric field and a homogeneous metal thus both v and (COND will be homogeneous (independent of space). Then, if we regard a crossectional area A within the conductor, which area is perpendicular to v then the charge Qt travelling across A during time t can be calculated as 
Qt = ((cond v) A t.

(Qt is the mobile charge of a right cylinder or prism with a base A and height is v t whose volume V is  V= A v t, thus Qt =(cond V). The electric current I, that is the charge traveling through the area A during the time t in this simple case:
I = ((cond v) A.

We want to proceed from this simple case toward the more complex ones. As a first step let us regard a situation when the velocity field v of the charge carriers is still homogeneous but it is not perpendicular to the chosen cross-section A. In this case we can use the same formula as before but instead of using v we have to apply its normal component (the component of v which is perpendicular to the surface A:
I = ((cond vn) A.

 vn can be calculated as the scalar product of v and n (the normal vector of the surface A) as:
v(n =(v(((n((cos( = vn
where ( is the angle between v and n. Regarding that the product n(A=A where A is the surface as a vector we can write
I = ((cond vn) A =  ((cond v)n A =  ((cond v) A.

Now, if we can introduce the concept of current density vector j as
j = (cond v
then we can write the electric current flowing through the surface A in the following form:
I = j(A.

Finally, if the current density field is not homogeneous and the surface A is not a plain surface, then we have to summarize the dI currents flowing through the dA surfaces. In this most general case the current flowing through the surface A can be calculated as a surface integral of the current density field j for the given surface:

[image: image1.wmf]k

Q

r

s

=

The unit of the current I is the Amper (A). 1A = 1 C/s that is when 1 Coulomb charge travels across the given surface under 1 second. In the SI, however, the Amper is the basic unit (because the current can be measured very accurately) thus the Coulomb is the derived quantity 
C = A(s.

The unit of the current density is A/m2.
III. The local and global form of Ohm’s law

i) The local form of Ohm’ law


As we have discussed in a steady state the charge carriers (electrons or ions) are moving with a constant velocity within the conductor. The constant velocity indicates that the resultant of the forces acting on them is zero. Let us assume that we have a passive conductor without any electromotive force. (Electromotive force or electromotance appears when there are other energy sources within the conductor like chemical reactions for example.) In the absence of electromotance there are only two forces acting on a moving charge carrier: the force exerted by the electric field and the force of friction. The mechanism of the friction can be specific for different charge carriers and its details will not be discussed here. Nevertheless, in most cases the force of friction acting on the moving charge carriers is proportional with the velocity. 


The linear law (the proportionality ) can be understood qualitatively if we assume that the charge carriers are „swimming” in a viscous medium. The equation for viscous resistance or linear drag is appropriate for small objects or particles moving through a fluid at relatively slow speeds. In this case, the force of drag is approximately proportional to velocity, but opposite in direction. The equation for viscous resistance is:

Fdrag = -k(v

In 1851 for the special case of small spherical objects moving slowly through a viscous fluid George Gabriel Stokes derived an expression for the drag constant:
k = 6((R
where  R is the Stokes radius of the particle, and η is the fluid viscosity.


Now going back to the moving charge carriers, we can write that the resultant of the electric and the frictional force is zero:
FEL + Fdrag = 0,

QE  –   kv = 0,
where Q is the charge of the moving carrier and k is the factor of proportionality for the drag force. The latter equation can be made explicit for v, and then both sides of the equation can be multiplied by (cond to obtain the following relationship:
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which can be written briefly as
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 is the specific conductance. The above equation is the local form of Ohm’s law in the absence of any electromotance in the conductor. 

The local form of Ohm’s law includes two assumptions: 
i) According to Ohm’s law the electric field and the electric current should be  collinear. This is true only in isotropic materials, however, but it is not necessarily valid in crystals or in other anisotropic materials. Nevertless, most conductors are isotropic, and the electric field and the current density are collinear in these materials.
ii) The linear dependence is mostly valid but there are deviations from the linear law especially at high electric field strengths.

In summary we can conclude that it would more reasonable to call Ohm’s „law” as Ohm’s „rule” but this is already a historical terminology, thus any change in its name would lead to confusion only.
ii) The global form of Ohm’ law


The local form of Ohm’s law can be written in the following alternative form :
E = ((j,
where ( is the specific resistance of the conductor. In our high school studies we have already met Ohm’s law but in a different form 
U = R(I 
This is the so called global form of the law. The adjective „global” means that the relationship holds not between local variables but for variables which are defined for a finite resistor. Let us realize that while in the local Ohm’law all variables (E, ( and j) are defined in one point of the conductor, in the global law all variables ( U, R and I) are global quantities of a finite resistor.

Nex, let us see how the global Ohm’s law can be derived from the local one. For the sake of simplicity let us regard a piece of „wire like” conductor with the shape of a right cylinder or prism with a length of L and cross-section A. Be the material homogeneous and isotropic. Be both the base and the top of the cylinder equipotential and the voltage between them is U. U can be calculated as the line integral of E between the bottom and the top of the cylinder: 
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In this simple case the current density field j is homogeneous and it is parallel with the axis of the cylinder thus the scalar product j(dr is

j(dr = jdl
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where dl is that component of the displacement vector dr, which is parallel with the axis of the cylinder

where the resistance of the cylinder is 
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. In the above derivation the homgeneity of  j was also applied as 
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We remark that a conductor of arbitrary shape between two equipotential surface can be always substituted by a single resistor. The calculation of the resistance of a conductor with an irregular shape can be difficult, however, even for a homogeneous isotropic material. We can apply various computer programs for that job. We can be sure, however, that the linearity of the local Ohm’s law guarantees that its global form will be also linear.
IV. Various mechanisms of the electric conduction. Electric conduction in vacuum, in gas and in liquid phase 

IV.1 Electric current in the vacuum

The electric current needs charge carriers, which can be various particles. In a theoretical vacuum there are no particles thus current is not possible except if charge carrier particles are injected into the vacuum. The injected particles are usually electrons. 

Thermal emission


Let us regard for example a glass tube with two electrodes at its ends. Let be vacuum inside the glass tube. 
Figure 
Let us connect some voltage between the electrodes. As the glass is a good insulator and there are no charge carriers in the vacuum the current is very small.( The current is not zero, however. This is partly because the vacuum is not perfect, and partly because even the glass is not an ideal insulator. But that small current cannot be measured by the usual instruments.) If we heat one of the electrodes until it glows then we can observe a current throgh the tubebut only if the glowing electrode is the cathode. This is because electrons can leave the hot metal’s surface then accelerate toward and finally reach the anode under the influence of the electric field between the electrodes. (In the reverse direction the current is minimal as only a few electrons can escape from the cold electrode. The above structure is the so called vacuum diode, which was used widely for rectifying currents before the appearance of the semiconductor diodes.)  


Photoelectric emission



There are other possibilities to force an electron to leave a conductor for the vacuum. One is the photoelectric effect which was explained first by Albert Einstein. (He earned his Nobel prize for that explanation. ) If a metal is illuminated by light and the energy of its photon is high enough (that is the energy of the photon is higher than the work needed to remove an electron from the metal the so called „work function” of the metal) then electrons can leave even the cold metal.

Field emission



Electrons can leave a cold metal even with another mechanism as well: with the so called field emission mechanism also known as Fowler-Nordheim tunneling. It is a form of quantum tunneling in which electrons pass through a barrier in the presence of a high electric field. This phenomenon is highly dependent on both the properties of the material and the shape of the particular cathode. 
 
Classical theories failed to explain the experimental results that field emission was independent of temperature in the region well below onset of thermionic emission. The basic process was then explained by Fowler and Nordheim in 1928 using wave-mechanical formulation. As we know from electrostatics if an electrode has a sharp point then the electric field  can be very high at that point. In this case the potential barrier preventing the electrons to leave the metal can get very thin and electrons can penetrate through such thin barriers by quantum tunneling even their energy is not enough to go above the barrier. 


Electron emission due to ion or electron bombardment


Electrons can leave the metal also, when the metal is bombarded by ions or electrons. The latter play a fundamental role in the electron multiplier invented by Zoltán Bay. In that device a primary electron (e.g. from photoelectric effect in the case of the famous photoelectron multiplier) is accelerated by the electric field to hit an electrode (the so called dinode). The fast electron knocks out several secondary electrons which are also accelerated to bombard the next dinode. This way the primary single photoelectron can be multiplied to give a high signal. 


Bombarding positive ions can also knock out electrons from a metal as we see in the case of gas discharge tubes.

An application: the cathode ray tube

The cathode ray tube is a device operating with electrons in vacuum. It has two important applications in the cathode ray oscilloscope and in the traditional TV sets. It is a vacuum tube with various metal electrodes mounted across its glass wall. The cathode is usually heated and a hollow anode (e.g. a ring) is placed in front of the cathode. This way most of the electrons leaving the cathode will not hit the anode but after reaching their final velocity close to the anode they pass through the anode ring and travel further until they hit a glass wall. That wall forms the screen of the cathode ray tube. The screen is covered with some fluorescent materials, which can emit light as a response to the impacting electrons. Then a bright point appears on the screen indicating the point where the ray of electrons (the „cathode ray”) hits the screen. After leaving the anode ring the cathode ray can be deflected by electric or magnetic fields. This way the position of the bright spot can be moved rapidly thus we can see  various curves on the screen of an oscilloscope, for example. 
IV.2 Electric current in gases („gas discharge”) 


Charge carriers in gas discharge


As we know electric conduction requires charge carriers and gas phase is not an exception. Electrons can be charge carriers in the gas phase as in the vacuum but the presence of gas opens new possibilities. The gas molecules can be ionized and ions are charge carriers too. These ions can be both positive and negative. Negative ions can be formed when slow electrons (electrons which are too slow to ionize ) react with gas molecules. This can happen with electronegative gas molecules like oxygen. (In the case of oxygen the product of the reaction is the O2- radical ion the so called superoxide radical.) Most of the ions are positive, however. In the case of noble gases the electron cannot react with these atoms thus only positive ions and electrons can be charge carriers in noble gases. Beside the single charged positive ions multiple charged ones are also possible but they are not playing an important role in the gas discharges discussed here. 

Thus we can conclude that in gas discharges the charge carriers are mainly electrons and single charged positive ions.

The electric conduction in gas phase can be divided into two main groups: self-sustained and non self-sustained conduction.
a) Non self-sustained conduction in gases at atmospheric pressure. 


An example: the flame ionization detector

At atmospheric pressures and temperatures the gases do not contain free ions thus they should be ionized to establish electric conduction. There are various ways of ionization:

-ionization by cosmic rays,

-ionization by natural or artificial radioactive radiation,

-ionization due to chemical reaction, in a flame for example ,

-thermal ionization at high temperatures


These discharges cannot maintain themselves, if the ionization source is removed then the conduction disappears. Another common feature is that the current flowing through the discharge tube does not grow monotonically with the voltage on the tube: with an increasing voltage the current approaches to a limit, to a plateau. This is because at a certain voltage the electrode collect all the ions produced by the ion source and this is the maximum current which can be achieved in the case of a non self-sustained gas discharge.
Figure
Such a current-voltage (U-I) characteristic can be observed int the case of the well known flame ionization detector (FID) applied in gas chromatography. Pure hydrogen flame does not contain ions but when organic molecules are burning in the flame then ions are produced the number of which is proportional with the number of carbon atoms transported into the flame. Thus the current of the FID will depend on the intensity of ion production but it will be independent of the applied voltage above a certain threshold.
b) Self sustaining discharge at reduced pressures
Let us perform the following experiment. Take a long (about 1 m long) closed glass tube containing air at atmospheric pressure at the beginning of the experiment but which can be evacuated by a vacuum pump. Within the glass tube at its two ends small metal disks will serve as electrodes. There is an electric connection to these electrodes across the wall of the glass tube. Let us apply a high voltage (7-10 kV) between the electrodes. The experiment is performed in a dark classroom, because the gas discharge is accompanied with lights which can be seen better in a dark room. At the ordinary atmospheric pressure no light can be seen. The very weak current of a non self-maintained discharge (maintained by cosmic rays and the natural background radioactivity) does not produce enough light. Now let us start the vacuum pump. As the pressure decreases, the mean free path of the particles (ions or molecules) increases. 

The mean free path


The mean free path (m is defined as the path length that a particle will travel on average before colliding with another one. It can be calculated as

(m= 1/((2(n((m)

where n is the number of particles per unit volume and σm the assumed effective cross section

of the particles for collisions:

(m = ((2rm)2

rm is the gas kinetic radius of the particles. (rm is not identical with the physical radius. At low
energies of less than about 100 eV it quickly increases, then slowly decreases with higher energies.) n  is found from the ideal gas law:

n = NA(p/(RT)

with Avogadro’s number NA, pressure p, temperature T, and the universal gas constant R. Thus we can see that the mean free path is inversely proportional with the pressure: the lower the pressure the higher the mean free path.
Mechanism of the self-maintaining gas discharge at reduced pressures

The longer the mean free path then the electric field can make more work on an ion accelerating it to a higher final velocity vf. According to the work theorem the kinetic energy of an ion will be proportional with the work done by the electric field:
(½)mvf = QE(m
Thus the lower the pressure the higher the mean free path and the kinetic energy of an ion before the collision. Finally the kinetic energy of the positive ions will be high enough to knock out secondary electrons from the cathode. These secondary electrons are accelerated by the electric field toward the anode. When their velocity is high enough they produce even more ions and electrons by their collisions with molecules and a self-sustained gas discharge is established.
As we can see the metal cathode has a specific role in the self-sustained gas discharge: it is the source of secondary electrons which escape from the cathode due to its continuous bombardment by the positive ions. These secondary electrons are generating new ion electron pairs via collisions with molecules. (Collision of positive ions with molecules is not so effective to produce ion electron pairs.)  
Localized lights in a self-sustained gas discharge


The self sustained gas discharge is associated with various localized light structures. All these lights are emitted by excited molecules: the excess energy of these molecules is emitted in the form of light when they relax to their ground state. 

These structures were first observed in 1830’s by Michael Faraday. The structures appear over a wide range of operating conditions. A characteristic set of operating conditions for the normal discharge might be a voltage of about few kV, a total current of about 0.1 A, and air or Ar gas at .5 Torr. 


The description of various structures starts at the cathode and proceeds toward the anode.

Cathode – An electrical conductor with a secondary emission coefficient. (This is important!) 

Aston Dark Space – A thin region near to the cathode with a strong electric field. The

electrons are accelerated through this space away from the cathode. This region has a negative

space charge, meaning that the secondary electrons from the cathode outnumber the ions in this region. The electrons are too low density and/or energy to excite the gas, so it appears dark.

Cathode Glow – This is the next structure to the right of Aston dark space. Here the electrons are energetic enough to excite the neutral atoms they collide with. The cathode glow has a relatively high ion density. The axial length of the cathode glow depends on the type of gas and the pressure. The cathode glow sometimes clings to the cathode and masks the Aston dark space.

Cathode (Crooks, Hittorf) dark space - Relatively dark region coming after the cathode glow
that has moderate electric field, a positive space charge and a relatively high ion density.

Negative Glow – The brightest intensity of the entire discharge. The negative glow has relatively low electric field, long, compared to the cathode glow and is the most intense on the cathode side. Electrons carry almost the entire current in the negative glow region. Electrons that have been accelerated in the cathode region to high speeds produce ionization, and slower electrons that have had inelastic collisions already produce excitations. These slower electrons are responsible for the negative glow. As these electrons slow down, energy for excitation is no longer available and Faraday dark space begins.

Cathode Region (Summary). – Most of the voltage drop across the discharge tube occurs between the cathode and the negative glow. Most of the power is dissipated in this region. The electrons are accelerated in this region to energies high enough to produce ionization and avalanching in the negative glow.

Faraday dark space – The electron energy is low in this region. The electron number density

decreases by recombination and diffusion to the walls, the net space charge is very low, and the

axial electric field is small.

Positive Column – Quasi-neutral, small electric field, typically 1 V/cm. The electric field is just large enough to maintain the degree of ionization at its cathode end. In air the positive column plasma is bluish pink. As the length of the discharge tube is increased at constant pressure, the length of the cathode structures remains constant, and the positive column lengthens. The positive column is a long, uniform glow, except when standing or moving striations (bands) are triggered spontaneously.

Anode glow – It is slightly brighter than the positive column, and not always present. 

Anode dark space – The space between the anode glow and the anode itself. It has negative space charge due to electrons traveling from the positive column to the anode. There is a higher electric field than the positive column. 

Striations – Moving or standing striations are traveling waves or stationary perturbations in the

electron number density which occur in partially ionized gases. In their usual form moving

striations are propagating luminous bands which appear in positive columns. Standing striations can be easily photographed. Many apparently homogeneous partially ionized gasses in reality have moving striations.

Applications
It is possible to prepare a gas discharge tube where only the negative glow appears. These glow discharge lamps are economic when we want a small light for illumination at night. The glow discharge lamps can be applied as a voltage stabilizer as well: the current starts to flow only above a threshold voltage but that voltage does not change too muck with the increasing current: only the diameter of the negative glow increases. Glow discharge lamps are used in test pencils to show the presence of the line voltage (230 V) at a certain point. (This is because it does not allow a high current thus it is not dangerous to touch the line voltage with such a device.) 
The positive column is applied in „neon” tubes. The color depends on the filling gas: in the case of mercury vapor it is bluish white and in the case of neon the color is red.
c) Self sustained gas discharge at atmospheric pressures: Corona-, spark- and  arc discharge 
1) Corona discharge
The corona or peak discharge appears on the sharp edges of conductors where the electric field is very high. The electric wind we discussed earlier is also a corona discharge. Corona is sometimes seen as a bluish glow around high voltage wires and heard as a sizzling sound along high voltage power lines. Corona also generates radio frequency noise that can also be heard as 'static' or buzzing on radio receivers. Corona can also occur naturally at high points (such as church spires, treetops, or ship masts) during thunderstorms as St. Elmo's Fire. Although corona discharge is usually undesirable, until recently it was essential in the operation of photocopiers (Xerography) and laser printers. Many modern copiers and laser printers now charge the photoconductor drum with an electrically conductive roller, reducing undesirable indoor ozone pollution. (The charged drum when it is illuminated by light loses electricity due to the photoconductive property of the drum. The electrostatic charge survives  only in the dark regions. Then the drum is placed into paint powder and the paint powder is attracted to the electrically charged dark regions. Finally the drum is rolled over a piece of paper and we have the photocopy after some heat treatment to fix the paint. )

Additionally, lightning rods use corona discharge to create conductive paths in the air that point towards the rod, deflecting potentially-damaging lightning away from buildings and other structures. 

Corona discharge ozone generators have been used for more than 30 years in the water purification process.

The conveyor of the Van de Graaf generator is also charged with the electric wind of a corona discharge.

2) Spark discharge

3) Arc discharge

IV.3 Electric current in fluids 

Ionic conduction in salt solution and  glass

V. Electric current in solid bodies. Classification of solids  
V.1 Methane: molecular lattice 
V.2 Ice: a crystal lattice with hydrogen bonds
V.3 Solid NaCl : ionic lattice 
V.4 Solid Na: metal lattice. The conduction band and band structure of metals
V. 5 The conduction and valence bands . Metals semiconductors and insulators 
V.6 Carbon (diamond) and silicon: atomic lattice
V. 7 Conduction in doped semiconductors: p and n conduction
Lab exercises

V.8 Semiconductor devices: the semiconductor diode and the transistor

 Lab exercises
VI. The work and the power of the electric current. Joule’s law in local and global form

Let the electric field strength within a metallic conductor be E. As we know in this case the the resultant of the electric and friction forces acting on an electron is zero and the electrons are moving with a constant velocity of v. The foce acting on a single electron is
F = eE
where e is the charge of an electron (-1,6(10-19 C). It is known from Mechanics that the work W and the power P of the the force F can be given as:
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The power of the electric field on a single electron:

P = eE(v.
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If we have n conductive electron in the unit volume then the power density of the electric field (the electric power in unit volume):
If we realize that the product ne is the charge density of the conducting electrons we can write
ne =(cond,

moreover we also know that the product of this charge density with the velocity v gives the current density j ,

j =(cond v,
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thus the power density can be written as:

This is the local form of Joule’s law. For a reistor with a voltage drop U between its two ends and a current I flowing through the resistor we can integrate this local form to obtain the well known global form:

P= U(I

This formula is easy to derive as we know that the work done by the electric field on a chagre Q when the field moves the charge along a path where the voltage is U can be written as 

W = Q(U.

Taking the time derivative of the above expression keeping in mind that U is constant and dQ/dt= I, then we obtain the global formula:

P = dW/dt = U(dQ/dt

(

P= U(I

This is the usual form of Joule’s law. To solve various problems we can combine Joule’s law with Ohm’s law to obtain the following global and local formulae: 
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